TRANSFORMATIONS OF A SURFACE BEARING A
FAMILY OF ASYMPTOTIC CURVES*

BY
G. D. GORE

Introduction. It is the purpose of this paper to establish certain transfor-
mations for any non-developable surface that bears a family of asymptotic
curves and is immersed in a space of #» dimensions S, (#>3). All surfaces
mentioned hereafter will belong to S..

The ambient of the osculating planes at a point of a surface to all of the
curves on the surface that go through the point is a space of not more than
five dimensions.t The class of all surfaces in S, for which the ambient at all
points is a space of four dimensions is divided into two subclasses. One of
these subclasses is composed of all surfaces in S, that bear each a conjugate
net of curves, while the other is composed of all surfaces in S, that sustain
each a family of asymptotic curves.

In the classical transformations for a surface bearing a conjugate net, the
two congruences of lines tangent to the curves of the net have played basic
roles. We shall assign a similar réle to the 2 lines tangent to the asymptotic
curves of a family. Although the congruence of these lines contains only a
one parameter family of developable surfaces, it will be defined as a parabolic
congruence.

To facilitate discussion, a terminology for certain geometric relations is
introduced.

DEFINITION 1. The asymplotic curves of a given family are said to be auto-
conjugate to the lines of a parabolic congruence if the curves of the family lie on
the developable surfaces of the congruence, provided that the surface which sus-
tains the given family is not the focal surface of. the congruence.

DEFINITION 2. A family of asymptotic curves on a surface and a parabolic
congruence, such that there is just one line of the congruence lying in each tangent
plane of the surface and not passing through the point of contact, are harmonic to
each other in case the developable surfaces of the parabolic congruence correspond
to the curves of the family.

* Presented to the Society, November 27, 1936; received by the editors March 16, 1937.

t Lane, Projective Differential Geometry of Curves and Surfaces, University of Chicago Press,
1932, p. 124.
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DEeFINITION 3. If two families of asymptotic curves are autoconjugale to the
same parabolic congruence, they are said to be in relation F’.

The transformation F’ of families of asymptotic lines is an analogue of
the well known transformation F of conjugate systems.*

DEFINITION 4. If the points of a surface are in a one-to-one correspondence
with 2 straight lines, and if corresponding points and lines are in united posi-
tion, the surface is said to be transversal to the lines.

In §1is developed a transformation of a family of asymptotic curves which
is analogous to the transformation of Levy for conjugate nets, while in §2
is exhibited a method for determining all of the parabolic congruences auto-
conjugate to a given family of asymptotic curves. There is developed in §3
a method for determining a family of asymptotic curves in relation F’ with
a given family of curves of the same kind. A study is made in §4 of the relation
of several F’ transforms of a given family of asymptotic curves by means
of the same parabolic congruence. The relation of two F’ transforms of a given
surface by means of two different parabolic congruences is considered in §5,
and a theorem of permutability for the transformation F’ is established in
§6. General transversal surfaces of a parabolic congruence are examined in §7,
and it is proved that these surfaces too are transformable by some of the
methods which we have applied to surfaces bearing families of asymptotic
curves.

1. A transformation of a family of asymptotic curves. Consider a non-
developable surface S which sustains a family of asymptotic curves and is
immersed in a projective space of #» dimensions (#>3). A parametric vector
equation of the surface may be written in terms of homogeneous coordinates
as y=7y(u, v). We adopt the asymptotic curves as the u-curves, and any other
family of curves on the surface as v-curves. The resulting coordinates y of
the generating point of the surface are known to satisfy a differential equation
of the form

(1'1) Yuu = @Yy + byv + cy (b # 0)’

called the point differential equation of the surface. The surface S is any in-
tegral surface of equation (1.1).

To obtain a transformation of S, let R be a solution of (1.1). The point
determined by the coordinates

(1.2) x = Ryu - Ru}’
is on the line which is tangent at the point y to the u-curve of S. We shall

* See Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34.
t See Eisenhart, loc. cit., p. 19.
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show that the point x generates a surface having a family of asymptotic
curves as y-curves.

By computing derivatives of (1.2) and reducing them by means of (1.1),
we obtain the relations

* = Ry, — Ruy,
1.3) xu — ax = b(Ry, — R.y),
Xyy — @%y — bxy — ayx = — 2bR,y, + (20R, + buR)y, — buR,y.
The determinant of the coefficients of y, y., and ¥, in the right members of

(1.3) is equal to zero. Hence the left members satisfy a linear relation. This
relation is equivalent to the differential equation

(1.4 ( +b., i 2R,,> 45 +( 2aR, ab, 2bR,)
4) xuu=\a 5 2 Xu Xy Qy 7 5 R x,

which indicates that the #-curves of the surface S(x) belong to a family of
asymptotic curves.

The first of equations (1.3) indicates that the surface S(x) is transversal
to the parabolic congruence of lines which are tangent to the #-curves of S(y).
Moreover, the family of asymptotic #-curves on S(x) is autoconjugate to the
parabolic congruence.

From the first and second equations of (1.3), we observe that the line
which is tangent to the u-curve of S(x) at the point «, lies in the plane which
is tangent to S(y) at the point y. Hence the parabolic congruence of lines
tangent to the u-curves of S(x) is harmonic to the family of asymptotic
u-curves on S(y).

The transformation (1.2) is an analogue of the transformation of Levy
for conjugate nets. Repeated application of this transformation produces a
sequence of surfaces which is a close analogue of a Levy sequence of conjugate
nets.

We shall now prove that all families of asymptotic curves that are auto-
conjugate to the parabolic congruence of lines tangent to the u-curves of S(y)
are obtained by transformations of the same form as (1.2).

Let the generating point of a surface transversal to the tangent lines of
the u-curves of S(y) have coordinates £. By means of a transformation y =61,
let new coordinates 7 for the generating point of S(y) be chosen so that

(1-5) £ = 1.

This change of coordinates transforms the differential equation (1.1) into an
equation of the form
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(1.6) Nuw = any + Bns + (ﬁ #= 0))

in which certain of the coefficients are specialized by the particular choice of 6.

In order that the surface S(£) have a family of asymptotic »-curves, it is
necessary and sufficient that £ satisfy an equation of the same form as (1.1).
If, by means of equations (1.5) and (1.6) we express £, £,, £, and £,, in terms
of 1, M4, Mv, and 7.,, and set the determinant of the coefficients of the latter
functions equal to zero, we find that

(1'7) Byu — ¥Bu =0

is the only restriction on the coefficients of (1.6) in order that S(£) have the
required family of asymptotic curves.

The general solution of (1.7) is y=pf(v), a special case of which is
v=f(v) =0. But in order for v to be zero, the above function # must be a
solution of (1.1). Then the coordinates £ can be written as

£ = (1/6%)(0ys — 6uy).
If f(») =0, we introduce the value of v, and verify that
£u — af = B(no + fn).

A second transformation n=u(v){ is introduced, where u satisfies the condi-
tion du/dv= —puf. As a result of this transformation, the above equation and
(1.5) become

(v — af = Buf.,
£ = ufu.

Integrability conditions on the left members of (1.8) show that { satisfies a
differential equation of the same form as (1.6), but with y=0.

The above transformations y =09 and 5n=u{ are equivalent to the single
transformation y=R{. Since this transformation changes (1.1) into a new
equation in ¢, of the same form as (1.6), but with y =0, the function Ris a
solution of (1.1).

The second of equations (1.8) can be written in the form £
= (u/R?(Ry,— R.y). This establishes

THEOREM 1. Let S(y) be a surface bearing a family of asymptotic u-curves,
and for which the point differential equation is (1.1). Let S(x) be any surface
which sustains a family of asymptotic curves autoconjugate to the parabolic con-
gruence of lines tangent to the u-curves of S(y). Then the transformation which
sends S(y) into S(x) may be represented by a relation of the form x=Ry,—R.y,
in which R is a solution of (1.1).

1.8
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We make use of a second solution R’ of equation (1.1) to construct the
transformation of S(x) which is represented by the equation

1.9 2’ = R'y, — RJy.
From equations (1.1) and (1.9) is derived the relation
(1.10) 24 — ax’ = b(R'y, — R)v),

which is similar to the second of (1.3). Equations (1.9) and (1.10) together
with (1.3) indicate that the line tangent at the point x’ to the %-curve of
S(x"), and the corresponding line tangent to the %-curve of S(x), lie in the.
plane which is tangent at the point y to S(y). Since these lines lie in a plane,
they intersect in a point having coordinates x’’. Wé shall prove that the
point x’’ generates a surface which has a family of asymptotic lines as para-
metric #-curves, and that this family of curves is autoconjugate to each of
the parabolic congruences formed by the lines tangent to the u-curves of S(x)
and S(x’) respectively.
Since R’ is a solution of (1.1), the function
(1.11) 8 = RR. — R'Ru_

is a solution of the point differential equation of S(x). This fact follows from
replacing by R’ in (1.2). For a similar reason, the function

1.12) ¢ = R'R, — RR/

is la solution of the point differential equation of S(x’). We define ¢ =RR/
—R,R’. Then by (1.11) and (1.1),

0. = af + b‘l’,
(1.13) o — af — by

To determine the coordinates of the point of intersection of the two corre-
sponding tangent lines to the u-curves of S(x) and S(x’), we list the following
relations

* = Rys — Ruy,
%y = R(ays + by.) — (aRu + bR.)y,
x' = R'y.— RJy,
‘%l = R'(ays + by.) — a(R + bR))y.

(1.14)

By eliminating v, y., and y, from (1.14), we obtain the relation
R'[6x, — (a8 + bW)x] = — R[0'x) — (a8’ — bY)='].
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After using equations (1.13) to reduce the coefficients of x and x’ in the above
equation, we have the coordinates

2" = R'(0xy, — 0ux) = — R(@'xJ — 0/ 2').

Since 6 and 6’ are solutions of the point differential equations of S(x) and
S(z") respectively, the surface S(x’’) is by (1.2) a transform of S(x) and S(x’)
alike. By virtue of these transformations, S(x’’) has a family of asymptotic
curves as #-curves, and this family is autoconjugate to each of the two para-
bolic congruences formed by lines tangent to the #-curves of the surfaces S(x)
and S(x’) respectively.

Since, by the remark following equation (1.10), the line tangent at the
point x’/ to the u-curve of S(x’’) lies in the plane tangent at the point x to
S(x), and lies also in the plane tangent at the point x’ to S(x’), it follows that
the families of asymptotic curves of both S(x) and S(z’) are harmonic to the
parabolic congruence formed by the totality of these tangent lines. From
these results, we state

THEOREM 2. If two families of asymptotic curves are autoconjugate to the
same parabolic congruence, they are both harmonic to a second parabolic con-
gruence.

2. Parabolic congruences autoconjugate to a family of asymptotic curves.
Let S(x) be a surface having a family of asymptotic #-curves. Denote by S(y)
the focal surface of a parabolic congruence that is autoconjugate to the family
of asymptotic curves on S(x).

The coordinates # satisfy a differential equation

(2.1) Xuw = axy + b2, + cx,
and the coordinates y satisfy an equation
(2.2) Yuu = Ay + By, + Cy.

Since the point x is on the line tangent at point y to the #-curve of S(y), the
coordinates x and y satisfy a relation

(2.3) Yu + Ny = px.

To obtain the consequences of equations (2.1), (2.2), and (2.3), we take
the derivative with respect to % of (2.3), and reduce the result by (2.2) and
(2.3). The relation reduces to the equation

By, + (C+ M — N — ANy = uxy + (bu — pd — pM)2,

which can be written in an abbreviated form with (2.3) to give the system
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Yu + ay = Bx,

(2.4)
Yo + py = 0%y + 71,

Equations (2.4) imply relations of the form (2.2) and (2.3). To demon-
strate this fact, we compute the derivative with respect to » of the first equa-
tion of (2.4) and eliminate x.

Henceforth we shall investigate the consequences of equations (2.4) in
view of (2.1). On differentiating (2.4) we obtain the system

Yu + ay = Bz,
Yuv + ayy + any = Bx, + B.%,
Yo + py = 0%y + 7%,
Yuv + pYu + puy = (0w + a0 + 7)xu + b2, + (74 + o0)x.

The right members of these equations are linearly dependent. Unless the de-
terminant of the coefficients of the left members vanishes there exists a linear
relation in the functions ¥,, ¥, ¥», and y. Such a relation together with (2.2)
would restrict the surface S(y) to be developable. We consider the case for
which S(y) is not developable, and for which the determinant vanishes. The
expanded form of the determinant set equal to zero is

(2’6) Pu — Oy = 0.

(2.5)

This equation makes it possible, by means of a transformation y= ¢y, to re-
duce equations (2.4) to the form

Yu = 8%,
¥ = Rx, + Sx.
On applying integrability conditions to the left members of (2.7), we obtain
the relation
2u(Ra + Ry + S) + %,(Rb — g) + 2(Sy + Rc — g,) = 0.
The left member of this equation must vanish identically in x and its deriva-
tives. The coefficients set equal to zero give
S = — (Ry + Ra),
(2.8) g = Rb,
S. = g, — Re.
By using the first and second equations of (2.8) to eliminate g and S from the
third, we show that R is a solution of the equation

(2.9) Rus = — aR, — bRy + (¢ — ay — b,)R.

2.7

These results are summarized in the following theorem.
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THEOREM 3. Let there be given an integral surface S(x) of the point differ-
ential equation (2.1), and let R be a solution of (2.9), with g and S determined
by the first two of equations (2.8). Then the coordinates y obtained by quadratures
Sfrom (2.7) determine the generating point of the focal surface of a parabolic con-
gruence that is autoconjugate to the family of asymptotic u-curves on S(x).

3. Families of asymptotic curves in relation F'. Two families of asymp-
totic curves which are autoconjugate to the same parabolic congruence are,
by Definition 3, in relation F’.

Let S(x) and S(x’) be two surfaces bearing each a family of asymptotic
curves, and so related that the two families are in relation F’. Let S(y) be
the focal surface of the parabolic congruence to which they are autoconju-
gate, the point differential equation of this surface being

(301) Vuu = aYy + Byv + Yy.

By reason of Theorem 1, the coordinates x and x’ can be chosen so as to
satisfy the following relations

x = Ry“_ Ruy:

%y — ax = B(Ry, — R,y),
(3.2) ) ) ,
X =Ry“_R"y)

2y — ax’ = B(R'y, — R)y),

in which R and R’ are solutions of (3.1) for which RR,/ —R’'R,#0.
As a result of eliminating y and its derivatives from (3.2), we obtain the
following relations:

x, — Ax = Mz, + Na/,

3.3
(3.3) %y — Bx = Px) + Mz, + Qx'.

The coordinates x satisfy an equation of the form
3.9 Xyu = A%y + bx, + cx,

and the coordinates x’ satisfy a similar one. By computing the derivative
with respect to v of the first of (3.3), and the derivative with respect to % of
the second, and reducing the resulting system by (3.4), it can be shown that
unless the determinant 4, — B, is equal to zero, the point # lies in the plane
tangent to S(x’) at the point x’.

With the condition 4,— B, =0, equations (3.3) are transformed by the
substitution x =0% into the form
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Xy = Mx,] + N&/,

3.5
3-5) %, = Pxy + Mx, + Qx’.

On taking suitable linear combinations of (3.5), we obtain the relations
x,) — A's’ = Mz,
x, — B'sx’ = Pz, + M%,.
An argument similar to the above suffices to show that these equations can

be transformed, by a substitution 2’ =6'#’, so that 4’ =B’=0. We therefore
write

(3.6)

Integrability conditions applied to the left members of (3.6) lead to a
differential equation in % of the form

3.7 Zuu = a%y + b%,,
where

my, = — pb,
(3.8)

my, = pu + ap.

We observe that in order to reduce (3.4) to the form (3.7)}by a transformation
x=0%, it is necessary and sufficient that 6 be a solution of (3.4). Coefficients
of (3.7) area=a—20,/0, b=b.

By eliminating m from (3.8) it is found that p satisfies the equation

(3.9) puu + @pu + bp, + (34 + b,)p = 0.
We have in conclusion

THEOREM 4. Let S(x) be an integral surface of (3.4), and let 0, p, and m be
solutions of (3.4), (3.9), and (3.8) respectively. Then the coordinates x’ obtained
by quadratures from the equations

- (5)
% =m|l—),

0/
-0(3). ()
x”_P P Y m P v)

determine the generating point of a surface S(x") having a family of asymptotic
u-curves in relation F' with the family of asymptotic u-curves on S(x).

(3.10)

One readily verifies that the point having coordinates n=x"—m(x/60) is
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the generating point of the focal surface of the parabolic congruence auto-
conjugate to the asymptotic curves on S(x) and S(z’).

4. Transformations F’ with the same parabolic congruence. Let S(x) and
S(x’) be two surfaces with families of asymptotic #-curves in relation F’, as
represented by the equations

@1 Xd = mx,,

Xy = pxy + mx,.

The coordinates x satisfy a differential equation
“.2) Xuu = %y + bx,.

In order to determine on a third surface a family of asymptotic curves
that is autoconjugate to the parabolic congruence of lines which connect cor-
responding points of S(x) and S(x’), we make the change of coordinates
4.3) % = 0%
and define the coordinates of a point on the line xx’ as

X1 =x — 0x{ .
In terms of the old coordinates

0

4.4 % = x—;x’.

The functions 6 and 6’ will be determined so that x, and x{ satisfy a system
of equations similar to (4.1).

By differentiating (4.3) and (4.4), and applying (4.1), we establish the
equations

|
%1y = — [#1u(6" — mB) + x/ (0 — mb.)],
4.5)
1ir, , PO
X1y = ——[xu(o' — ) m— x1. » + xf (01" — mb, — z0«')]-
m m

m
If these equations are to take the form of (4.1), the coefficients of x/ must
vanish. This gives the conditions
014’ = mou,
ovl = Pou + mb,.

From the integrability conditions on (4.6), 6 is a solution of (4.2), and 6’
is obtained by quadratures on (4.6). The function 8’ is a solution of the point

4.6)
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differential equation of S(x’). It can also be verified that

() -m3()

a(xlo'>_(o, 0)6(:6) oa(x>
aw\ o/ " 5o\ o P \v)

The above deductions justify the following theorem:

(4.7)

THEOREM 5. Let there be given two surfaces S(x) and S(x’) sustaining fami-
lies of asymptotic curves in relation F', and let the coordinates x and x’ be chosen
so that equations (4.1) and (4.2) hold. Then in terms of 0, a solution of (4.2),
and 0', a corresponding solution of (4.6), the coordinates x, defined by (4.4) de-
termine the generating point of a surface S(x1) which has a family of asymptotic
u-curves in relation F' with the corresponding families on S(x) and S(x”).

As an example of the above transformation, we shall establish the follow-
ing theorem:

THEOREM 6. If a surface S(x) bearing a family of asymptotic curves lies
on a hyperquadric, any parabolic congruence autoconjugate to the family meets
the hyperquadric again in a surface bearing a family of asymptotic curves in
relation F’ with the first family.

Let the equation of the hyperquadric be written as
(4.0, Z apxixt = 0,
Let the chosen parabolic congruence be autoconjugate to the family of
asymptotic curves on S(x’), where the coordinates x’ of the generating point

of S(x’) are defined by (4.1). From differentiating (4.8) and reducing the
results by (4.2), we obtain the relations

> aa(xd a* + xixk) = 3 au(xs 2% + xixk) = D auxizt = 0.

By means of these relations, it can be shown that the function

4.9 0 = Y aa(xia’® + x'ixk)
is a solution of the point equation (4.2) of S(x), and that the function
(4.10) 0 = apx'ix't

is a corresponding solution of (4.6).

If S(x) is determined by the transformation (4.4), using 6 and 6’ from
(4.9) and (4.10), it is easy to show that x; satisfies the equation (4.8) of the
hyperquadric. The surfaces S(x;) and S(x) are in relation F’ by transforma-
tion (4.4).
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As a second example of the transformation, we consider

THEOREM 7. If a transversal surface of a parabolic congruence lies in a
hyperplane, it has on it a family of asymptotic curves that is autoconjugate to the
parabolic congruence.

Let the given surface be transversal to the parabolic congruence of lines
that join corresponding points of S(x) and S(x"), and define the coordinates
of its generating point as

E=x— N\

The equation of the hyperplane may be taken as £=0. If A is determined so
that £ =0, its value is A\=x¢/x"%. As a consequence

(4.11) E=x——a.

x 1]
The functions x* and x’¢ have the properties of 6 and 8’ which are required
by the F’ transformation (4.4). Hence S(£) is an F’ transform of each of S(x)
and S(z’).

For the F’ transformation (4.4), which sends S(x) into S(x:) by means of
the auxiliary surface S(x’) =S(x{), we wish to determine an inverse. That is,
we wish to determine a pair of functions 6! and (’)~* such that

0—1

(4.12) X = %1 — (0,)_1 x! s

where 6! is a solution of the point differential equation of S(x.), and (8’)~!
is related to 8! by equations similar to (4.6) which give the relations between
6’ and 6. Analogues of (4.6) are obtained by solving (4.5), in view of (4.6),
for x}, and x,,, then replacing x{ by (8’)~! and x; by 6-'. The equations are

—1

)it =

¢ —mo
(4.13) o
0)ot = ————— 0 + 0571
@ @' — mb)? 0 — mb

Equations (4.13), as well as the point differential equations of S(x;) and
S(x/) obtainable from them by integrability conditions, are satisfied by the
functions

6 1
(4.14) 1 = —7) (0')‘1=—07.
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These functions also give a result consistent with (4.4) when they are substi-
tuted into (4.12). It can be verified that

(i) 1 d /1
) = 0= 05(5)
ou\ 6! AN
(1) - om0 2(0) +w2)
w\e/) aw\e) P a\5)
THEOREM 8. If S(x) is transformed into S(x,) by means of 0, 0’, and the
auxiliary surface S(x'), as expressed in (4.4), then S(x1) is transformed into

S(x) by means of the functions 0=, (8')~1, and x! , where 6=, ("), and x{ are
defined by (4.14) and (4.3), and the transformation is expressed by (4.12).

If by means of a second solution 6, of the point equation (4.2), S(x) is
transformed into a second surface S(x,) by the relation

(4.15)

0,
(4.16) Xo=2x— — %,

07
the surfaces S(x1) and S(x2) are in relation F’. It is useful to know by what
analytical relation S(x,) is transformed into S(x;). By subtracting equation
(4.4) from (4.16) we obtain

03:&"
(4.17) Xy = X1 — 610 ,
where the function

0 ’
(4.18) 0 = 0; — '0-;02

is by (4.4) a solution of the point equation of S(x;), and the function

,
(4.19) o=
is a solution of the point equation of S(x'/6’).
5. Transformations F’ by two congruences. Let S(x’) and S(x’’) be two
F’ transforms of S(x), where the differential equations of the transformations
are
Xd = MiXy, xy = p1%y + mix,;

(5.1)

n "
xd! = myx,,, %) = pa%u + M2y,

in which the coordinates x satisfy (4.2). By means of S(z’), S(z’’), and a
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solution 6, of (4.2) we obtain two more F’ transforms of S(x), which are repre-
sented by the equations
0 61

(5.2) xll—x—é—l—x, X190 = 607 !

in which 6/ and 6{’ are obtained from (5.1) by replacing x by 6 throughout.

There is an F’ transform of S(%’’) by means of 6{’ and S(x’). The co-
ordinates of its generating point are determined by the equation

, 0
(5.3) X =z — .
6/

It is easy to show that the point #,; is the intersection of the lines ’x’’ and
%1,1%1,2.

By differentiating (5.3) and the first of (5.2), we can establish, at the end
of some labor, the following equations:

a ,, mb —mbl’ 9

—(31) = ————— — (=
au( 1) 0/ — mb o F11)

1", maf!{ — mif/’ P — plol :’
4 P —_— | —
(5.4 (xl 1) = [ 6 — ) P10 + o — mn (21,1)

mef! — mi0{’ 9
— — (%11).
6/ — mb v

1224

These equations show that S(x,,) and S(x1,;1) are in relation F’. It follows
that S(»,;) and S(#1) are in relation F’.

An inverse of the F’ transformation (4.4) is given by (4.12) in view of
(4.14). On adapting these equations to the first of (5.2) we determine —6,/6/
as a solution of the point differential equation of S(x1,1). If we set x,,,= —6,/6{
in (5.4), there is obtainable by quadrature a corresponding solution of the
point equation of S(x/). We verify that x{/=—6{’/6{ is such a solution.
Using these two solutions, we construct the transformation

61 11

(5.5) x12—xll_'017xll

It can be shown that x], =x,,; by means of equations (5.2) and (5.3). These
results are summarized in

THEOREM 9. If a family of asymptotic curves on S(x) is transformed into
two other families of asymptotic curves on S(x1,1) and S(x1.3) respectively by
means of the same function 0., the latter two families are in relation F'; moreover,
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any two of the three families S(x), S(x1,1), S(x1,2) are transforms of the third by
means of the same solution of the point differential equation of the third.

The three families form a close analogy to a triad of conjuage nets.*
6. A theorem of permutability of transformation F’. From (5.2) it can be
seen that a solution of the point differential equation of S(x,,) is given by
[/
(6.1) b2 = 0, — — 07 ,
01
where 6, is a solution of (4.2), and 6/ is a corresponding solution of the first
pair of (5.1). To get a solution of the point equation of S(x{%), let 6/’ be a
solution of the second pair of (5.1) corresponding to x=6,; then from (5.3)
we have the desired solution

6/’

(6.2) 012'= 05" — 0—,02'.

1

By means of the above solutions 6;, and 6;;’, we construct the following

transformation of S(x;,1):

0201’ - 0102, 77}

(6.3) xas) = %11 — m 1,1,

Using the solution 6,, and equations similar to (5.2) we have two more
transformations of S(x) as follows:

02 02
(6.4) X2,1 = X — 07 x’, X2,2 = X — *é;,—" %,

Corresponding points of S(x), S(x1,2), and S(x,,2) are on a straight line.
They are in relation F’ by pairs. To determine the analytic relation by which
S(x1,2) is transformed into S(x,,;) we compare equations (5.2) and (6.4) to
(4.4) and (4.16), and draw conclusions corresponding to (4.17), (4.18), and
(4.19). The results show that

(6.5) 0, — ;’%7 63’
is the required solution of the point equation of S(x..2), and that 6;’/8{’ is
a solution of the point equation of S(x’’/6{’). That is, S(.,) is a transform
of S(x1,2) by means of the solution (6.5).

From equations (5.5), placing x], =2, and (6.3), it is seen that xs is a
transform of S(x,,2) by means of the function

* Eisenhart, loc. cit., p. 4.
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61 1

(6.6) 012 — 0—{7012 3
which is a solution of the point equation of S(x1,2). This expression is reduci-
ble to (6.5) by (6.1) and (6.2). Hence we have shown that S(x,,2) and S(xqs))
are transforms of S(x:,2) by means of the same solution of its point differ-
ential equation. It follows that S(xaz) and S(x,,2) are in relation F’. We shall
now investigate S(xaz) through its relation to S(x,,2) and S(x2,1).

The point where the line x'x’’ intersects the line x,,,%,,1 has coordinates

4 ’ 02’ "

6.7) Xy = & — P
which are obtained by subtracting equations (6.4). From equations (6.4) we
obtain as a solution of the point differential equation of S(x,,2),

0,
021 = 01 - ‘0;;701' .

A corresponding solution 6;{’’ is obtained from (6.7) as

’
rnree ’ 02

02y = 01 —02” 6"

From these two solutions, we construct the transformation

0102“ - 0201“ e

X@l = X2,2 — m X2,2 .

Using the foregoing equations, it is easy to show that
0{'6. — 03'6)x" + (076, — 6 62)x""
664’ — 0’6

In order to estimate the prevalence of the transformations F’ that exist
for given families of asymptotic curves, we count the constants in the fore-
going quadratures. From the manner in which 6/, 6{’, 6/, 67’ were obtained,
each contains an arbitrary constant. If S(x1,) and S(#,,2) are chosen trans-
forms of S(x), the constants in 6/ and 6’ are determined by the choice. The
constants in 67 and 6;’ are left arbitrary. From these facts, we state for
transformations F’ a theorem of permutability.

Xaz) — X = Xeny — ¥ =

THEOREM 10. If S(x1,1) and S(x2,5) are two F' transforms of S(x) by means
of functions 6, and 6, and two distinct parabolic congruences, there exist ©?
surfaces S(xap), each bearing a family of asymptotic curves in relation F' with
S(x1,1) and S(xz,2).
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By employing the notation used in §§4, 5, and 6, which is similar to that
used by Eisenhart,* the equations in these sections can be given metric inter-
pretations which yield a theory of parallel transformations for families of
asymptotic curves, and also radial transformations of the same.

7. General transversal surfaces of a parabolic congruence. Consider S(x),
the most general transversal surface of a parabolic congruence. Let the curves
cut out on S(x) by the developable surfaces of the congruence be used as
parametric #-curves. It has been demonstrated by the authort that under
these conditions the coordinates x satisfy an integrable system of differential
equations of the form

Tuww = 0%uu + 20%uy + €%y + dxu + ex, + fx,
Tuwo = @' %yu + 20" %o + ' %y + d'xy + €%y + f'x.
These equations require the following conditions of integrability:
c=20—c =0,
ac’ — ¢ +e— 20 =0,
2b, + 2ab’ — 20’06 +d — 2b, — 402 — ¢ =0,
(7.2) ay,—a) — d —2dV =0,
er +ae’ —ae — 20 —el +f =0,
dy+ad —a'd —2bd' —d) — f =
fotaf —df =20 — fl =0.
In the sense of Definition 1 the #-curves of the surface S(x) are auto-
conjugate to the parabolic congruence to which S(x) is transversal.
To determine the focal surface S(y) of a parabolic congruence which is

autoconjugate to the u-curves of S(x), an integral surface of (7.1), consider
the point having coordinates

(7.1)

(7.3) Y= Xyy — 26'%, — %y + (co — a'¢’ — €)x.
Using equations (7.1) and (7.2) it can be verified that x and y are related by
equations of the form
«— (a — 20)y =Gz,
(7.4) yu — (a )y =Gz
Yo — @'y = hx + kx,.

On eliminating x from (7.4) it is found that the coordinates vy satisfy an equa-
tion

* Eisenhart, loc. cit., ch. 2.
t Gore, University of Chicago Dissertation, 1932, p. 47.
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(7'5) Yuu = Yy + ﬁyv + Yy.

The first of equations (7.4) shows that S(x) is transversal to the u-tangent
lines of S(y), while equation (7.5) indicates that the u-curves of S(y) are a
family of asymptotic curves.

Since the surface S(y) can be transformed into a sequence of surfaces by
transformations of the type of (1.2) and since the surface S(x) is transversal
to the connecting tangent lines between two consecutive surfaces, we can
make use of a general inscribing theorem* which we quote:

“Let T denote a sequence of surfaces in which the points ‘of each surface T
are joined in a one-to-one manner to the corresponding points of Z; by a set Q;
of 2 osculating spaces of v dimensions belonging to the curves on the surface Z;.
Let 2! be any surface that is transversal to the set of osculants Q,. Then it follows
that the transversal surface Z. belongs to a sequence of surfaces T' which is in-
scribed in the given sequence T.”

The above theorem shows that the surface S(x) belongs to a sequence
that is inscribed in the sequence to which S(y) belongs. But since S(y) can be
transformed into a multiplicity of sequences, the same is true of S(x). The
transformations that operate to produce them are similar to (1.2).

* Gore, Inscribed sequences of surfaces associated with generalized sequences of Laplace, these
Transactions, vol. 36 (1934), p. 532.
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